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Abstract

This paper develops a multi-period maximum-utility hedging strategy and derives
the formula for optimal hedge ratios under this framework by incorporating the impacts
of the risk attitude of individuals, expected return of the futures prices, and interest rate
into account. We also show that the formula for the multi-period hedging ratio reduces
to that of the single-period hedging ratio when the serial correlation in spot and futures
price changes is absent and the second moment of the two price changes possess GARCH
effects. The empirical evidences show that the out-of-sample hedging performance of
the maximum-utility hedging strategy is superior than that of the competing minimum-
variance hedging method for both the S&P-500 and FTSE-100 markets, no matter what
risk attitudes the individual has.
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1 Introduction

Futures markets allow portfolio managers to hedge their risk exposures by shorting stock
index futures contracts. The critical problem for hedging centers on the determination of the
hedge ratio, i.e., the number of futures contracts to sell for each unit of the underlying asset
on which the short hedger bears the price risk. Based on the results in Ederington (1979)
and Figlewski (1984), the minimum-variance hedge ratio, b, is equivalent to the ratio of the
unconditional covariance between spot and futures price changes over the variance of futures

price changes:
. COV(ASt, AFt)
~ Var(AF)

where AS; and AF; denote the time t price changes in spot and futures prices, respectively.
Clearly, the expected return of futures price changes, risk attitude of individuals, and interest
rate do not play any role in the minimum-variance hedge ratio.

To incorporate the expected return of futures price changes and risk attitude of indi-
viduals into the hedging analysis, Kroner and Sultan (1993) propose a single-period utility-
maximizing hedge ratio when the distribution of spot and futures prices is time varying. The

time-varying utility-maximizing hedge ratio at time ¢ is given by:

_ _Et (AFt+1) + 2’}/COV(ASt+1, AFt+1)

b
! 2vVar(AF, 1) ’

where v is the degree of risk aversion (y > 0) of individuals and E; (AF;;;) represents the
expected return from the time ¢4 1 futures price changes based on the information set at time
t. This hedge ratio is more flexible since it not only changes through time as new information
arrives, but also varies across individuals with different risk attitudes. Nevertheless, the
utility-maximizing hedge ratio proposed by Kroner and Sultan (1993) is only applicable to
the one-period hedging analysis.

In practice, hedgers usually require to hedge their risk exposures through a multi-period



horizon. In contrast to single-period hedges, the dynamic T-period hedging strategy includes
a sequence of hedge ratios, {bg, b1, -+ ,br_1}. Howard and D’Antonio (1991) propose a back-
ward procedure to determine the sequence of optimal hedge ratios, and apply this procedure
to a hedging model in which the spot price changes are autocorrelated but futures returns
are not. Based on the idea of Howard and D’Antonio (1991), Lien and Luo (1994) provide
the solution for a two-period hedging strategy when spot and futures prices follow a bivari-
ate generalized autoregressive conditional heteroscedasticity (GARCH) model. Particularly,
both the mean processes of spot and futures prices in Lien and Luo (1994) are described
by error correction models. Low, Muthuswamy, Sakar, and Terry (2002) further derive the
formula for the dynamic hedges when the futures prices obey the cost-of-carry model.

The common feature among the aforementioned hedging studies is that all the dynamic
multi-period hedging strategies are developed in terms of variance minimum. Essentially,
no studies exist concerning the maximum-utility multi-period hedging strategy when AS;
and AF; follow time-varying distributions. It motivates us to propose a utility-maximizing
hedging strategy for a multi-period hedging horizon. The proposed formulas for the multi-
period hedging ratios in this research indicate that the hedge ratios not only depend on the
relationship between the spot and futures price changes, but also vary across individuals
with different risk attitudes, the interest rate, and expected value of futures price changes.
The second contribution of the current paper shows that the formula for the multi-period
hedging ratio reduces to that of single-period hedges as long as the serial correlation in spot
and futures price changes is absent and the two price changes possess the GARCH effect
of Bollerslev (1986). The coverage of GARCH models with serial non-correlation is broad,
including the martingale process with the bivariate GARCH setting used in Myers (1991),
bivariate Markov-switching GARCH model of Lee and Yoder (2007), and long-memory in

volatility model developed in Dark (2007) , to name a few. We evaluate the out-of-sample



hedging effectiveness of the proposed utility-maximizing hedging strategy in both the S&P-
500 and FTSE-100 markets during the financial crisis of 2007-2009. The empirical evidences
show that the maximum-utility hedging method outperforms the minimum-variance hedging
strategy in terms of utility maximum for both of the two markets.

The remaining parts of this paper are arranged as follows. Section 2 introduces the
utility-maximizing multi-period hedging model and develops the solution for the dynamic
T-period hedging strategy. Section 3 empirically demonstrates that the hedging performance
of the proposed utility-maximizing strategy is superior than that of the competing minimum-
variance hedging strategy for both of the S&P-500 and FTSE-100 markets. Section 4 provides

a conclusion.

2 The theoretical framework

Suppose that an investor holds a spot position at current time 0 and plans to hedge its risk
exposure in the corresponding futures market through time 7. Denote the spot and futures
price at time ¢ as S; and F}, respectively. Both of the price sequences, {5, 5, -+, Sy} and
{F\, Fy,--- ,Fr}, are generated by exogenous stochastic processes.

To offset the risk arose from the price change in the spot position, the hedger shorts a spe-
cific number of futures contracts, i.e., b;, for each unit of the spot asset at each time t. The T-
period hedging strategy thus involves a sequence of optimal hedging ratios, {bg, b1, ,br_1},
in which b; denotes the number of futures contracts sold at time ¢ in order to hedge the change
in the spot price at time ¢ + 1, i.e., AS;y;. Assume that the cash generated from both the
spot and futures positions in each period is reinvested at the risk-free rate i and held until the

end of period T. Ignoring transaction costs, the end-of-period wealth, W7, can be presented



as:

N
-

Wr=Wo+ Y [ASe —bAF] (14" (1)

t

Il
o

where ¢ denotes the interest rate, and AS; 1 and AF;,; are the time £+ 1 changes in the spot
and futures prices, respectively. We note that no existing studies investigate the impacts
of the interest rate on the optimal hedging ratio. However, based on the calculation of Wy
specified in Equation (1), this study first introduces the interest rate ¢ into the hedging
analysis. Under the setup of ¢ = 0, the end-of-period wealth Wr reduces to that in Kroner
and Sultan (1993), Lien and Luo (1994), Lien and Wilson (2001), and Low et al. (2002).
To incorporate the expected return of futures prices and the risk attitude into the hedging

analysis, we assume that the hedger faces a mean-variance expected utility function:

EUO (WT) = E() (WT) - ’}/VCLT() (WT> 5 (2)

where 7 is the degree of risk aversion (y > 0), and Ey (Wr) and Varg (Wr) denote the
expected value and variance of W based on the information set at time 0. The mean-variance
expected utility function is widely used in the literature to analyze the economic benefits
of hedging strategies, including Kroner and Sultan (1993), Lafuente and Novales (2003),
Alizadeh and Nomikos (2004), and Alizadeh et al. (2008), to name a few. The sequence of
optimal hedging ratios, {bg, b1, - ,br_1} can be solved by maximizing the expected utility
in (2). Given the objective function, this study follows the approach proposed in Howard
and D’Antonio (1991), Lien and Luo (1994), and Low et al. (2002) to determin the optimal
dynamic hedge by using backward iteration in the following.

We note that the final period hedging decision is made at time 7" — 1. According to

Equation (1), the mean and variance for Wy are:

Er_« (Wr) = Ep_1 (ASy) — bp_1Er_y (AFyp), (3)



and
VCLTT_l (WT) = VCLTT_l (AST) + b%,IVarT_l (AFT) - 2bT_1COUT_1 (AST, AFT) . (4)

Based on the objection function in (2), the hedger solves the optimal one-period holdings of

futures by maximizing the following expected utility function,

max EUr_y (Wrp) = Ibr;é_wf {Er_1 (ASy) = bp—1 Ep_y (AFp) — v [Varp—y (Wr)l}, (5)

br_1
which is maximized by choosing a hedge ratio of

—ET—I (AFT) + 2’YCOUT_1 (AST, AFT) (6)
2’}/VGT’T_1 (AFT) )

br_1 =

As pointed out in Howard and D’Antonio (1991), at any time ¢ the hedger chooses the
optimal hedge ratio b; in light of the fact that an optimal hedge position is to be taken in each
future period. This implies that the sequence of optimal hedging ratios, {bg, b1, ,br_1},
can be solved by using the backward induction. Based on the solution of by_; in (6), we
follow the approach of Howard and D’Antonio (1991) and determine the hedger’s problem
backward from time 7' — 2 to time 0 in order. The correspoding dynamic hedging strategy is

summarized as follows:

Proposition 1: Suppose that both the spot and futures price changes, {Si,Ss, -+ ,Sr}
and {Fy, Fy, -, Fr}, are generated by exogenous processes. For an investor who holds a
spot position and plans to hedge the risk exposure through time 7', the utility-maximizing

hedging strategy can be determined by a sequence of hedging ratios, {bg, by, - ,br_1}, where

—Er_k (AFr_j41) + 29(1 + 0)* 'Covr_i, (AS7—11, AFr_j11)
29(1+ i) Warr_x (AFr_gi1)
N (L4 )T Covy oy (A1 — BAF 1, AFr 1)
2")/(1 + i)’“*1Va7“T,k (AFT,kJrl) ’

bek =

Please refer to the Appendix for the details about the proofs.

Vk=12- T



The maximum-utility dynamic hedging strategy is very general, since it incorporates the
interest rate, expected returns of futures prices, and risk attitude of individuals into the
hedging ratios. Under the settings of v =1, i = 0, and Ep_(AFr_ k1) = 0, the formula of
br_i derived in (7) is identical to the minimum-variance dynamic hedging strategy proposed
in Equation (2) of Low et al. (2002).

The maximum-utility dynamic strategy is not easy to be performed, since b; is the function
of future hedging ratios, including b1, byyo, ---, and by_;. Thus, the closed form express
for b; depends on the data-generating-processes (DGP). Along the line of literature, Howard
and D’Antonio (1991) propose the closed form express of the minimum-variance hedging
ratio for a T-period hedging horizon when the spot price changes are autocorrelated, whereas
Lien and Luo (1994) and Low et al. (2002) provide the solutions under a bivariate GARCH
model and cost-of-carry model. These close-form solutions are much more complicated than
that of single-period hedging ratio, and not easy to be applied. As shown in the following
proposition, the second contribution of this study demonstrates that the formula for the
multi-period hedging ratio reduces to that of the single-period hedging ratio as long as the
serial correlation in spot and futures price changes is absent and the second moments of the

two price changes possess GARCH effects of Bollerslev (1986).

Proposition 2: Suppose that both the spot and futures price changes, {51, S2, -+, St} and
{F\, Fy,--- ,Fr}, are generated by exogenous processes. Particularly, the spot and futures
returns are serial uncorrelation, and the second moments of the two price change follows the
GARCH model of Bollerslev (1986). For an investor who holds a spot position and plans
to hedge the risk exposure through time 7', the utility-maximizing hedging strategy can be

determined by a sequence of hedging ratios, {bg, b1, - - ,br_1}, where

—Er_k (AFr_j41) + 29(1 + ) 'Covr_i, (AS7—11, AFr_j11)

. , Vik=1,2,---,T.
29(1 4+ ) WVarp_ (AFr_g41)

(8)

br—x =



Please refer to the Appendix for the details about the proofs.

Clearly, the formula of multi-period utility-maximizing hedging ratio, b;, proposed in
Proposition 2 does not depend on any future hedging ratios. Moreover, it is identical to the so-
lution of single-period utility-maximizing hedging ratio. Under the set-up of Ep_ (AFr_g11) =
0, i =0, and v = 1, the formula of multi-period utility-maximizing hedging ratio in (8) re-
duces to the solution of single-period minimum-variance hedging ratio used in Ederington
(1979), Figlewski (1984), Cecchetti et al. (1988), Park and Switzer (1995), Gagnon and
Lypny (1995), and Kavussanos and Nomikos (2000). Since the coverage of GARCH mod-
els with serial non-correlation is broad, including the martingale process with the bivariate
GARCH setting used in Myers (1991), bivariate Markov-switching GARCH model of Lee
and Yoder (2007), and long-memory in volatility model developed in Dark (2007) , to name
a few, the multi-period utility-maximizing hedging strategy proposed in Proposition 2 will

facilitate the hedgers who have a T-period hedging horizon.

3 Empirical hedging analysis

As shown in many empirical studies, the GARCH model has the advantage of incorporating
heteroscedasticity into the estimation procedure and capturing the tendency for volatility
clustering in financial and economic data. It has induced many scholars to employ multivari-
ate generalized autoregressive conditional heteroscedasticity (GARCH) models to compute
time-varying hedge ratios, including Park and Switzer (1995), Gagnon and Lypny (1995),
and Kavussanos and Nomikos (2000). To empirical evaluate the hedging performance of the
dynamic maximum-utility hedging strategy proposed in Proposition 2, we adopt the bivariate

GARCH model employed in Myers (1991) to model the price changes in the spot and futures



prices:

ASt = Qg+ Est (9)
AF; = af+e€ry, (10)
where
5s,t
| \Ijt,1 ~ N(O, Ht)a (11)
Ef,t
h?, hes
Ht = * d R
D+ h?t

and WUp_; is the information set at time t — 1. Herein, the variances of AS; and AF}, i.e.,

h2, and h%,, and covariance of AS; and AFy, i.e., hyyy, are specified by:

hg,t =Cs + asgi,t—l + bshi,t—l (12)
hsf,t = Csf + AsfE€st—1€Ft—1 + bsfhsf,t—l (13)
h2, = 2 bsh? 14

ft = Cf T a5 g T 0ph%, (14)

Under the framework of the bivariate GARCH model described in Equations (9)-(14),
the multi-period utility-maximizing hedging ratio proposed in Proposition 2 can be explicitly

expressed as:

—ap + 29(1 + )" hyp g1k

, Vk=12--- T (15)
27v(1+ l)k_lh?‘,T—kz-i—l\T—kz

br_r =

Based on the explicitly expression of multi-period utility-maximizing hedging ratio, the
following compares the hedging performance of the proposed hedging strategy with that of
the minimum-variance hedging strategy for both of the S&P-500 and FTSE-100 stock index
futures contracts when the spot and futures price changes follow the bivariate GARCH model.
The data comprise daily spot and futures prices, ranging from January 4, 2000 to February

26, 2010 and listed in the Datastream Database. To evaluate the hedging performances of



the two competing models during the financial crisis rose in 2007, we start the in-sample
estimation on January 4, 2000 and reserve the period of the financial crisis for an out-
of-sample comparison. In other words, the data used for the in-sample estimation range
from January 4, 2000 to February 26, 2010 (2,412 observations), while the data for the out-
of-sample hedging comparison start on June 1, 2007 and end on February 26, 2010 (478
observations). Moreover, AS; and AF; are calculated as the differences in the logarithms of
prices multiplied by 100. The summary statistics for spot and futures prices are shown in
Table 1.

Table 2 displays the empirical out-of-sample performance of the maximum-utility hedging
strategy and minimum-variance hedging strategy. The value of risk attitude, v, is set to be
in line with most empirical studies, in which Chou (1988) estimates v to be 4.5, Poterba
and Summers (1986) estimate v to be 3.5, Grossman and Shiller (1981) find the value of
to be 4, and Friend and Hasbrouck (1982) demonstrate it to be 6. Accordingly, we assume
the risk attitude v as 2, 3, 3.5, 4, 4.5, 5, and 6 for the out-of-sample hedging comparison.
As shown in Table 2, the out-of-sample the maximum-utility hedging strategy produces
better utilities on an ex ante basis than the competing minimum-variance hedging method
for both S&P-500 and FTSE-100 markets, no matter what risk attitudes the individual has.
The results indicate that the maximum-utility hedging strategy outperforms the minimum-

variance hedging method during the financial crisis of 2007.

4 Conclusion

This paper proposes a multi-period maximum-utility hedging strategy and provides explicitly
solutions for the sequence of optimal hedging ratios when the spot and futures price changes
are serial uncorrelated and the second moments of the two price changes possess GARCH

effects of Bollerslev (1986). The proposed dynamic hedging strategy allows us to incorporate
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the risk attitude of individuals, expected return of the hedged portfolio, and interest rate
into the hedging analysis. Furthermore, we demonstrate that the formula of the multi-period
hedging ratio reduces to that of the single-period hedging ratio, and is very easy to be
performed.

We also apply the multi-period maximum-utility hedging strategy to the S&P-500 and
FTSE-100 markets. The results indicate that the out-of-sample hedging performances of the
proposed strategy is superior to that of the minimum-variance strategy in terms of utility
maximum. Since the coverage of GARCH models with serial uncorrelated is broad, the
proposed multi-period utility-maximizing hedging strategy will facilitate the hedgers who

plan to hedge the changes in spot prices through a T-period horizon.

5 Appendix

Proof of Proposition 1: Consider the hedger’s problem at time 7" — k, where k =
2,3,---,T. By using backward induction, the formulas for the sequence of {br_1, br_2,b7_j+1}
are all known, although these hedge ratios may depend on price information after T'—k. These
hedge ratios have to be regarded as stochastic variables at time T — & .

Based on Equation (1), the expected value and variance for the end-of-period wealth, W,

based on time 7' — k information set are: is given by:

Er oy (Wr) = (1+ )" Ep_y (AS7_411) — br_ (1 +9) ' Er_y (AFr_441)

+ Er_y, { i [ASi1 — b AF ] (1 + z')T“} (A1)

t=T—-k+1
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and

T-1
Varr— (WT>ZVGTT—k{AST-k+1(1+z‘)’“‘1+ > [A5t+1—btAFt—irl](l—G—i)T_t_l}

t=T—-k+1

+ b%_k(l + i)2(k_1)VarT_k (AFT—k-i-l)

— 2bT—k(1 + i)2(k_1)COUT_k {AST—k+17 AFT—k—i—l}

T-1

— 2bp (1 +49) ' Covp_y, { Z [ASi1 — b AF ] (14T AFT_kH} :

t=T—k+1
(A2)
By maximizing the objection function in (2), the hedger solves the optimal k-period holdings

of futures as:

—Er 1 (AFr_jq1) + 29(1 + ) 1Covp_i (AST_py1, AFr_iy1)
2’}/(1 + i)’f—l\/arT_k (AFT—IH—I)
N 273 (L4 )T Covp_y, (ASyy — B AF i1, AFr_ip)
2’)/(1 + i)k_IVCLTT,k (AFT,kJrl) ’

br—x =

(A3)

Proof of Proposition 2: Suppose that the spot and futures returns are serial uncorrelated,
and the second moments of the two price changes follow the GARCH model of Bollerslev

(1986). Based on Bohrnstedt and Goldberger (1969), it follows that

(

Covy (e55,¢7;) =0

Covy (e4,,€5,) =0 where t4+1<j<T (A4)

C107~1t (€S,j7 €S7j€f,j) =0

According to Proposition 1, the optimal hedge ratio at time 7" — 2 is:

_ET72 (AFT,1> -+ 2’}/(1 + i)CO'UT,Q (ASTfl, AFTfl) + 2’)/00’11']’,2 (AST - belAFTa AFTfl)
29Varr_1 (AFy) '

br_s =

Under the assumption that the spot and futures returns changes are serial uncorrelated, we

have:

Covp_g (AS,,AS,) =0

Covp_gy (AS,,AF,) =0 when uF£v (A5)

Covr_y (AF,,AF,) =0

12



Also, by Bohrnstedt and Goldberger (1969), the br_5 can be represented:

Covr_s (be1AFT, AFTA) = Er_y (be1) Covr_s (AFT7 AFTA) +Er_ (AFT) Covr_s (bTA, AFTA)

+ Er g [0r—o (AFr_1) 675 (br—1) 672 (AFr)], (AG)
where 079 (X) = X — Er_5 (X) for any given random variable X. By Equation (A5),
COUT_Q (AFT, AFT_l) = 0.

We thus note that the first term in Equation (A6) is trivial.
Based on the results in Equation (A4), the part of the second term in Equation (A6), i.e.,

Covr_y (AFr_1,bp_1) can be represented as:

Covr_y (AFT—l, bT—l)
—ET_1 (AFT) + 2’)/COUT_1 (AST, AFT)
Q’YVGTT_l (AFT)
_AFT—IET—I (AFT) + 2’)/AFT_1 [ET—I (ASTAFT) — ET—l (AST) ET—l (AFT)]
2’7V&7“T_1 (AFT)
—ET,1 (AFT) + 2"}/ [ET,1 (ASTAFT) — ET,1 (AST) ET,1 (AFT)]
2")/V&’I"T_1 (AFT)

=Covr_ (AFT—la

:ET—Q |:

—Er_5 (AFr_1) Er_s {
where

ET_2 [_AFT—lET—l (AFT) + 2’)/AFT_1 [ET—l (ASTAFT) — ET_1 (AST) ET_1 (AFT)H

=—FEr o (AFr_1) Er o (AFr) + 2vEr_o (AFr_q) [Er_o (ASTAFr) — Ep_o [Er_1 (AST) Er_q (AF7)]]
and

ET,Q [—ET,1 (AFT) + 27 [ET,1 (ASTAFT) - ET,1 (AST) ET,1 (AFT)]]

= — ET—2 (AFT) + 2’)/ET—2 (ASTAFT) - Q’YET_Q [ET—I (AST) ET—l (AFT)] .

Accordingly, we obtain:

Covp_g (AFp_1,bp_1) =0

13



Moreover, the last term in Equation (A6) can be written as:

Er_o[67_o (AFr_1) 672 (br—1) 672 (AFT)]
=Er_5[0r—2 (AFr_1) 67—2 (AFr) by_1] — Ep_ [0r—2 (AFr_1) 072 (AFr) 67—5 (br—1)]

=Ep_9[07—2 (AFr_1)0r—9 (AFp)| Ep_o (br_1) — Ep—2 [67—2 (AFr_1) 07—2 (AFr)| Ep_o (br_1) .

Since AFr is uncorrelated with AFp_q, the last term in Equation (A6) is also trivial. Ac-

cordingly, we obtain:

COUT_Q (bT_lAFT7 AFT_1> =0

and

b _ _ET72 (AFT,1> -+ 27(1 —+ Z')CO'UT,Q (ASTfl, AFTfl)
=2 29Varp_y (AFr)

: (AT)
Similarly, at time ¢ — k£ we have

_ETfk (AFT7k+1> + 27(1 + Z')k_lcOUT,k (AST,]CJA, AFT7k+1)
29(1 + i) "Warr_p (AFr_i41) 7

br_p = Vk=1,2,---,T.
(48)

The proof of Proposition 2 is now complete.
We note that the formula for multi-period hedge ratios is identical to that of single-

period hedge ratios. As a consequence, the multi-period hedge ratio will be reduced to the

single-period hedge ratio under the assumption of Equations (A4) and (Ab5).

14
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Table 1. The Descriptive Statistics of Daily Returns.

S&P 500 FTSE 100
Spot Futures Spot Futures
Mean -0.000154 -0.000156 -0.000147 -0.000153
St. Dev 0.013826 0.014004 0.013347 0.013425
Skew 0.128029 0.365949 0.039664 0.023224
Kurtosis 11.69307 14.73377 9.819113 9.962144
Cross Corr 0.978209 0.984637

The data are daily closed prices, ranging from January 4, 2000 to February 26,
2010.
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Table 2. The Utility of the S&P-500 and FTSE-100 during the financial crisis ( 2000.1 — 2009.3 )

S&P-500 FTSE-100
Maximum Utility Minimum Variance Maximum Utility Minimum Variance
Y Utility Utility Utility Utility
2 -0.3246 -0.3247 -0.1503 -0.1505
3 -0.4873 -0.4875 -0.2263 -0.2264
3.5 -0.5687 -0.5688 -0.2642 -0.2644
4 -0.6500 -0.6502 -0.3022 -0.3023
4.5 -0.7314 -0.7316 -0.3401 -0.3403
5 -0.8128 -0.8129 -0.3781 -0.3782
6 -0.9755 -0.9756 -0.4540 -0.4541

The data used for the in-sample estimation range from January 4, 2000 to February 26, 2010
(2,412 observations), while the data for the out-of-sample hedging comparison start on June 1,
2007 and end on February 26, 2010 (478 observations). The hedge ratio for maximum-utility
hedging strategy is calculated by (8), and the hedge ratio for minimum variance hedging strategy
is computed by: Cov(AS;, AFy) / Var(AFy).
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